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Abstract 

In this paper we study the extension of structure group of principal bundles with 
a reductive algebraic group as structure group on smooth projective varieties defined 
over algebraically closed field of positive characteristic. Our main result is to show 
that given a representation p of a reductive algebraic group G, there exists an integer 
t such that any semistable G-bundle whose first t frobenius pullbacks are semistable 
induces a semistable vector bundle on extension of structure group via p. Moreover 
we quantify the number of such frobenius pullbacks required. 

1 Introduction 

Let Z be a smooth projective variety defined over an algebraically closed field k. Fix a 
very ample line bundle H. Let G be a reductive algebraic group defined over k. All repre- 
sentations considered in this paper are rational finite-dimensional representations. Recall 
that a G-bundle is semistable with respect to the polarisation H if for any reduction of 
structure group to a parabolic subgroup P and any dominant character of P, the induced 
line bundle on X has non-positive degree. 

Now let p : G — > Gl(V) be a rational representation of G sending the connected compo- 
nent of the centre of G to that of Gl(V). If the characteristic k is zero and £■ is a semistable 
G-bundle on X then the induced G/(y)-bundle is also semistable. From this it follows 
easily that if the characteristic of the field is "sufficiently large ", then again a semistable 
G-bundle induces a semistable G/(y)-bundle. This is quantified in [IMP] where in it is 
shown that if char ^ > ht (p), then a semistable G-bundle induce a semistable Gl(V)- 
bundle on extension of structure group. In positive characteristic however, it is in not in 
general true that a semistable G bundle will induce a semistable G/(y)-bundle. A prin- 
cipal G-bundle on X is said to be strongly semistable if all its frobenius pullbacks are 
semistable. In char 0, the frobenius map is just identity and hence the notion of semista- 
bility and strong semistability coincide. In Ramanan-Ramanathan [RR], it is shown that a 
strongly semistable G-bundle induces a strongly semistable G/(y)-bundle. This result is 
sharpened in the paper of Coiai-HoUa [CH] where the authors show that given a represen- 
tation p as before, there exists a non-negative integer t such that if E is any G-bundle on 
X which along with its first t frobenius pullbacks is semistable, then the induced Gl(V)- 
bundle is again semistable. This fact is crutial in their proof of boundedness of semistable 
G-bundles with fixed Chern classes. In this paper we give bounds for this t, in terms of 
certain numerical data attached to G and p. The main ingedient of the proof is the use 
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of the instability parabolic (also known sometimes as the Kempf's parabolic) associated 
to points of the representing space (see [Section 3] for definition). The basic idea is as 
follows: Let £ be a principal G-bundle on X. Let k{X) denote the function field of X. 
Let E{G) be the group scheme associated to E (see section 2 for definition). Let ^g/cv) 
denote the induced Gl{V) bundle. Let E{G)o denote the generic fiber of E{G). It is a group 
scheme defined over the function field of X. Let P be any maximal parabolic in G/(V). 
Let E(Gl(V)/P) be the associated Gl(V)/P fiber-space. Again let E(Gl(V)/P)o denote the 
generic fiber of E(Gl(V)/P). Then E(G)o acts on E(Gl(V)/P)o which is linearized by a 
suitable very ample line bundle. If Egkv) admits a reduction of structure group to this 
maximal parabolic P, then we get a section (canonically) cr of E(Gl(V)/P). Restricting to 
the generic fiber gives a fc(X)- valued point cTo of E(Gl(V)/P)o. In [RR], it is shown that if 
either (To is a semistable point for action described above or its instability parabolic (see 
[Section 3] for definition), which is in general defined over k(X), is actually defined over 
k(X), then this section (or equivalently this reduction) does not contradict semistability. 
In char 0, using uniqueness of the instability parabolic and Galois descent, this proves 
the semistability of the induced bundles. In [CH] it is shown that that there exists a non- 
negative integer t such that for all possible reductions to all the maximal parabolics the 
instability parabolics of points corresponding to these reductions is actually defined over 
kiXy . This can be shown to imply that if £ is a semistable principal G-bundle with first 
t frobenius puUbacks semistable, the induced G/(y)-bundle is also semistable. The main 
aim of this paper is to give bounds for this t in terms of certain numerical data attached to 
G and p. 



2 Basic definitions and prefiminary notions 

In this section we set up some notations and recall some of basic definitions and facts 
which will be used later. 

X will always denote a smooth projective variety over a field k. Let G be a reductive 
algebraic group defined over k and let g denote its lie algebra. Fix a maximal torus T <zG 
and a Borel B containg T . Let X^{T) denote the set of 1 -parameter subgroups of T and 
let X*{T) be the character group of T. There exists a nondegenerate pairing, denoted (•, •) 
: X,(T) X X*{T) Z. Let O c X*{T) be the set of roots of G. Let denote the set of 
positive roots corresponding to the choice of 5 in G and A = {ori, • • • , Qr„} a set of simple 
roots of G. Corresponding to this choice of simple roots, there exists a set of elements 
iOi e X^{T) Q known as the fundamental weights with the property that {cji, aj) = 6ij. 
For any root a, there exists an isomorphism of Xa of Ga with a closed subgroup X^ of G 
with the property that t • Xa(a) ■ = Xa{a{t)a). X^ is known as the root group associated 
to or. 
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By a parabolic in G, we mean a closed subgroup of G containing B. There exists a natural 
bijection of the set of subsets of A with the set of parabolic subgroups of G containing B 
under which for a subset / c A, we assign the parabolic Pj to be the closed subgroup of 
G generated by B and X^_„ for all roots a G A\7. Let W = N(T)/T be the Weyl group. Fix 
a W-invariant inner product ( , ) on X^(T) (S> Q. Using this inner product we can define 
norm of any 1-PS A(t) G T as || A(t) \\= {A, A). For a arbitrary 1-PS in G we can conjugate 
it into the fixed maximal torus and then define its norm. 

We begin by recalling the definitions of semistability of vector and principal bundles with 
respect to the fixed polarisation H. 

Definition 1. For a vector bundle E on X, define its slope to be the rational number: 

ti(E) = deg(E)/rk(E). 

A vector bundle E onX is said to be ^u-semistable (w.rt. the polarization H) if for any 
proper subbundle F c E, we have the inequality fi(F) < fi(E), where ^ denotes the slope 
of the bundles. 

For any vector bundle E, there exists a canonical filtration ofE by Ox-coherent sub- 
sheaves known as its Harder-Narasimhan filtration (denoted HN(E)). 

(Z El G ■■■ d Ei = E 

with the property that successive quotients EJEi^i are fx-semistable and ix{EilEi_{) > 
fi(Ei+i/Ei)for all I < i < I. 

Define UmaxiE) = n{EO and by UminiE) = fi(Ei/Ei_i) 

The quantity fimax(E) - fiminiE) known as the instability degree is a measure of the 
instability of the vector bundle. 

Definition 2. A principal G-bundle E over X is said to be semistable if for any reduction 
of structure group to a parabolic PofG and any dominant character on P, the induced 
line bundle has degree < 0. 

Equivalently, a principal bundle E on X is said to be semistable is for any reduction 
of structure group to a parabolic P of G, the pullback of the relative tangent bundle of 
E(G/P) over X, via the section cr : X ^ E(G/P) corresponding to this reduction is a 
vector bundle on X of degree > 0. 

Definition 3. Let E be a principal G bundle on X. Let Ep be a reduction of structure 
group afE to a parabolic P <zG. The reduction is said to be canonical (or the Behrand 
reduction ) if the following conditions are satisfied: 
l)degEp(P) >0 
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2) For any parabolic subgroup scheme Q c E{G), deg Q < deg Ep(P). 

3) For any subgroup scheme Q D Ep{P), deg Q < deg P. 

4) The unipotent radical bundle Ep(P)/Ru(P) is semistable. 

With these conditions our definition of canonical reduction coincides with that of 
Behrend. P is known as the Behrend's parabolic. The degree of Ep(P) is denoted by 
degHN(E). 

The canonical reduction can be shown to be equivalent to the following: For any 
nontrivial character on P which is a non-negative combination of simple roots with respect 
to the choice of B, the induced line bundle on X obtained by extension of structure group 
has non-negative degree. 

3 Frobenius morphism 

Let X be a scheme over a algebraically closed field of char p > 0. The p-th power map 
Ox Ox given by / — > gives rise to a morphism of schemes Fx '■ X ^ X called 
the absolute frobenius. If k is a perfect field, this morphism is an isomorphism (although 
not a A:-morphism in general). Let F"^ denote the iterated frobenius map. If £ is a G- 
bundle on X we an take its puUback F'"\E) which will be a F'"\G) bundle. We call this 
the m-th frobenius puUback. By twisting Spec k by the frobenius map (which will be an 
isomorphism), we can define a ^-structure on F"''(X), F'"'{G) as well as F"'\E). The G 
bundle F'"'(E) on X is the same as the one obtained by extension of structure group under 
the homomorphism G ^ G given by the m-th frobenius map. 

Clearly if the frobenius puUback of a G-bundle is semistable with respect to the pulled 
back polarization, then so is the original bundle. A semistable G bundle may not however 
puUback to a semistable G-bundle. A G-bundle E is said to be strongly semistable if all 
its frobenius puUbacks are also semistable. 

4 The instability parabolic 

In this section we discuss the role of the instability parabolic which plays an important 
role in studying extension of structure groups in positive characteristic. We first begin by 
recalling some elementary notions and facts from Geometric Invariant Theory. 

Let K be an algebraically closed field. Let G be a reductive algebraic group defined 
over K. Let p : G ^ Gl{V) be a representation of G defined over K. A vector v € V is 
said to be semistable for the G-action if ^ Gv. Equivalently there exists a G-invariant 
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6 S'%V) for some n> such that 0(v) ?i 0. 

For a 1-PS of G we get a decomposition of V = ® V„ where = {v e V | A(t)(v) = 
t'(v)}. 

Define m(v, A) = min {i | v has a nonzero component in V,}. 
Define slope of the 1-PS A(t) by 

v(A,v)=m(v,A)/ \\A\\ 

Note that for any vector v e V(K) and any 1-PS A, we have v(/l, v) = v(gAg~^,gv) 

Lemma 4. (See [RR]) There exists a constant C such that for all v e V and all 1-PS A, 
v(A, v) < C. 

For a non-semistable vector v e V define its instability 1-PS (denoted A^) to be one 
for which v(v, A) attains the maximum value among all the 1-PS of G. Intuitively, this is 
the 1-PS in G which takes the vector v to fastest after proper scaling. 

For a 1-PS A define a parabolic P(A) whose valued points consist of elements g & G 
such that lim A{t)gA(t)~^ exists. This is known as the instability parabolic associated to 
A. If /I is an instability 1-PS of v, then P(A) will also be known as the instability parabolic 
of V, denoted P(v). 

Now if G acts on a projective variety M defined over K which is linearized by some 
very ample line bundle L, then we get a G-equivariant embedding i : M ^ F(H°(M, L)) = 
F(V). We then say that a point m e M is semistable for the G-action if the corresponding 
point in V is semistable. 

We recall some basic facts concerning instability 1-PS (See [RR] ) 
Suppose G acts on a projective variety M as above. Let m e M be a nonsemistable 
point for the action of G. 

(a) The function which sends every 1-PS A of G to v(A, m) attains its maximum on the 
set of all 1-PS subgroups of G. Following [RR], we denote this value by B. 

(b) There exists a parabolic subgroup P(m) of G, called the instability parabolic as- 
sociated to the point m, such that for any instability 1-PS A associated to m, we have 
P(m) = P(A). 

(c) The instability parabolic P is generated by T together with the root groups Ua 
correponding to roots a for which a(A) > 0. 

(d) A maximal torus T in G contains a instability 1-PS A for m if and only if 7 c P(A). 
Such a 1-PS is neccessarily unique. 
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(e) For a non-semistable m e M, if A{t) is an instability 1-PS of m, then gA(t)g ^ is the 
instability 1-PS of gm and v(A,m) = v(gAg'\gm) 

(f) For a 1-PS /I of G and any element g 6 P(A) we have y(m, /I) = v(gm. A). 

(g) For any g G G, we have P(gm) = gP(m)g~^. 

(h) If m G M is an unstable point for the action of G having an instability 1-PS defined 
over an extension field [L : K], then the instability parabolic P(m) is also defined over L. 

Now let K be an arbitrary field (not neccessarily algebraically closed). Let K, denote 
its seperable closure. Let G be a reductive algebraic group defined over K. Let T be a 
fixed maximal torus of G (which will always be split over K^, in fact over a finite extension 
of K). Let M be a projective variety defined over K on which G acts, linearized by a very 
ample line bundle L giving a G-equivariant embedding i : M <^ P(y). Fix a inner product 
on X»{T ® Kg) to be one which is invariant under the action of the Weyl group as well as 
the Galois group G?i\{K, \ K) (See [Kempf]). 

A point m e M is said to be semistable if it semistable after base change to its algebraic 
closure, i.e thought of as an element in V(K). 

Let m e M be a i^-rational point of M. Let P(m) be the instability parabolic of m de- 
fined over K. By invariance of the inner product under the Galois action and uniqueness 
of P(m) we see that if P(m) is defined over K^, then it is already defined over K. [See RR]. 

Rationality of the instability parabolic and its consequences 

Let X, G and L be as before. Suppoe p : G ^ Gl(V) be a representation of G which 
takes the connected component of the centre of G to the centre of Gl{V). Let P be a 
maximal parabolic of Gl{V). Choose the very ample generator L of Gl(V)/P. This is 
a linearized very ample line bundle giving an embedding of Gl(V)/P inside a projective 
space F(W). 

Now let ;r : £■ ^ X a principal G -bundle on X. Let E(G) be the associated group 
scheme over X. Let E(Gl(V)/P) be the associated fiber space. Let T„ denote the relative 
tangent bundle on E(Gl(V)/P). Let E(L) be the associated line bundle on E(Gl(V)/P 
corresponding the line bundle L on Sl(V)/P. The group scheme E(G) acts on E(G/P). 
Let E{G)o be the generic fiber of E{G). It is a group scheme defined over the function 
field of X. E{G)o acts on E{Gl{V)/P)o which is linearized by E{L)o. Let suppose cr be a 
reduction of the induced G/(y)-bundle to P. Then corresponding to this reduction we get 
a section of (called cr again) of E(Gl(V)/P) over X. Let cTo be the associated A;(X)- valued 
point of E(Gl(V)/Po). Suppose cTo is a non-semistable point for the action of E(G)o on 
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E{Gl{V)l P). Let /'((To) denote the instability parabolic associated to the point cTq. We 
call P{(To) the instability parabolic corresponding to this reduction. Let To- denote the 
puUback of T„ via the section a. 

Proposition 5. (See [RR, Proposition 3.10, (1)]) Let cTo be a semistable point for the ac- 
tion ofE{G)o on E(G/P)o with respect to the polarization E(L)o. Then To- has degree > 0. 
In other words this reduction of structure group does not contradict semistability of 
E{Gl{V). 

Proposition 6. (See [RR]) Let E be a semistable G-bundle. Suppose for every reduction 
to a parabolic P in Gl{V), the instability parabolic associated to this reduction is rational 
(defined over k{X)), then the induced Gl(V) bundle is semistable. 

Proposition 7. (See [HC], Proposition 4.5) Let G be a reductive algebraic group defined 
over an arbitrary field K (not neccessary algebraically closed) acting on a projective 
variety M defined over K. Then there exists an integer t such that given any K-valued 
point m e M which is not semistable its instability parabolic P(m) is defined over ' . 

The method of Holla- Coiai 

In this section we briefly explain the method of HoUa-Coiai for proving the existence 
of the integer t in proposition |71 We will be brief and sketchy in this exposition. Let G 
and M be as in above proposition |7l Let £ be a linearized very ample line bundle on M 
giving a G-equivariant embedding i : M ^ ¥(H°(M, L)) = F{V) 

For an affine algebra A over K, we define its radical index to be the smallest integer n, 
such that /" = for all / e Rad(A) '°^=^" Rad (A K). Now let m e M be a i^-rational 
point of M which is not semistable for the G-action. 

Recall that the the action of G is said to be strongly seperable at a point m e M if 
the isotropy subgroup scheme at every ^-valued point in the closure of 0(m) is reduced, 
where 0{m) denotes the orbit of m. Let P{m) be the instability parabolic of m. There 
exists g & G such that the parabolic P = gP{m)g'^ is defined over K^. By uniqueness of 
the instability parabolic and Galois descent, it is already defined over K. Let x,„ = gm. 
Then the instability parabolic of x,„ is P. Since P{x„,) is defined over K, it contains a 
maximal torus over K (which is split over Kg). Hence there is a unique instability 1-PS 
of Xm contained in this maximal torus which is defined over and hence by uniqueness 
defined over K. 

Consider the decomposition of V = ©V, into simultaneous eigenspaces for the action 
of A, where Vi = {v e V \ Ait)iv) = f{v)}. Let j = m{x,„. A) and W = ©V,-, / > j. Define the 
A'.v-scheme M{P)x,„ to be the scheme theoretic intersection of the ^.v-subscheme F(V-') and 
0{m) of F{V). The following proposition summarizes the basic properties of the scheme 
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Proposition 8. The K-valued points ofM{P)x^ are precisely those points in the K-scheme 
0{m) for which the instability parabolic is P{Xm)- Also, when the action of G on m is 
strongly seperable, then M{P)x„, is absolutely reduced. 

Suppose one can find a rational point m' in M{P)x,„, then by proposition [81 its 
instability parabolic being P{Xm) is hence defined over Kg. Since m and m' are both 
rational points, they are translates of each other by a G(^v)-valued point g and hence their 
instability parabolic are conjugates by g. This will prove that the instability parabolic for 
m is defined over and hence by uniqueness and Galois descent it is defined over K. 
Thus the problem of showing the existence of the integer t in proposition |7] boils down 
to finding a finite purely inseperable extension L of (independent of the point m) over 
which the scheme M{P)x^ will have a L-valued point. This bound is obtained using the 
following lemma's: 

Lemma 9. Let f : Y X be a morphism of finite-type scheme over K. Then there exists 
an integer n such that the radical index of the schematic fiber of x is less than or equal to 
nfor all closed points x eX. 

Lemma 10. Let A be an affine K^-algebra with radical index < p". Then A admits a 
Kg -rational point. 

5 Bounds for the field of definition of the instability parabolic 
and its consequences 

In this section we give explicit bounds for the field of definition of the instability parabolic 
associated to non-semistable points for the action of a reductive algebraic group G acting 
on a vector space V defined over an arbitrary field K. We do this by giving explicit bounds 
for the field of definition for the instability 1-PS associated to these points. We first do 
this G = S l{2), where we can get much better bounds than for a general G, then for the 
tensor power representation of S l(n), then for an arbitrary representation of S l{n) and then 
for an arbitrary representation of any arbitrary reductive algebraic group G. 
We now begin with giving bounds for the field of definition of the instability parabolic 
for various 5/(2)-modules. 

Lemma 11. Let K be any field (not neccessarily algebraically closed) if char p > 0. Let 
G = S 1(2, K). Let p : S 1(2, K) ^ S ^(V) be the standard symmetric power representation. 
Let N = No + N\p + N2P^ + • • • + Ntp' be the p-adic expansion ofN. Then for any non- 
semistable K-rational vector v e S^(V), the instability parabolic P(v) ofv is defined over 
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Proof By uniquenes of instability parabolic and Galois descent explained before, we 
can assume that K is seperably closed. Let X, Y denote the basis for V over K. Thus 
S^{V) can be identified with the vector space of all degree homogeneous polynomials 
in X and Y. Let / = 2 ciijX'^Y-', ajj G ^ be an unstable vector in S "(V) for the action of G. 

i+j=N 

Claim 1: / has a zero of multiplicity greater than Nil on P^. 

Proof of claim: Let A{t) be the instability 1-PS of / defined over K. Every 1-PS of 
5/(2) is conjugate over K to the 1-PS 



t 
r' 



Choose g G Sl(2,K) such that gA(t)g ^ is of the form ii{t). Then }i(t) is the instability 
1-PS of g • f. Let suppose g • f have the form: 

8-f = X'8 

for some nonnegative integer T and some polynomial g e S^(V) which is not divisible by 
X. Since /i(t) drives ^ • / to 0, T neccessarily satisfies N/2 <T < N. i.e. / has a zero of 
multiplicity greater than N/2 on and hence a unique such zero. 

Now, by using the fact that K is seperably closed, by a suitable change of basis made 
over K, we can assume that / can be factorized in the form: 

f = F,-F2---F, 

for some < r < N, with deg Fi > deg F2 > ••• > deg F^ and each F, of the form 
(XP'' - Qr,F^'') for some non-negative integer 

Note that ti>t2>...>tr>0. Factorizing / into product of linear polynomials over the 
field K^'P"' , we get : 

f = (X- a\''" Y)P" ■■■(X- a\IP"Yy" 

Note that by Claim 1, = T. By once again making a change of basis over the field 
is:^/^'', sending 

{X-a'^''"Y)^X' 
Y ^Y' 

and calling the resulting polynomial /' (which is a translate of / by an element in 
S 1(2, K^!p'' )), we see that /' has the form 

/' = x'p'\x' -/3iY'y" • • • (r -prY'Y'^ 

with all the ;0,'s distinct. Note that /3i, belong to K^Ip'^ . Since / has a unique root 
of multiplicity > N/2, we see that the factor occuring in the above factorization with the 
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highest power is neccessarily unique, i.e. ti is unique. 

Claim 2: The 1-PS //(O is an instability 1-PS off. 
Proof of claim 2 : The proof of the claim is quite obvious. We only sketch it briefly. Note 
that v{f',ix) = ti/(\\ /i II). Suppose there exists another 1-PS such that v(/',/z') > 
v{f',ij.). Since all 1-PS's of G are conjugates over K, there exists an element h G G(K) 
which conjugates yu into fi'. Then f^(t) will be the instability 1-PS of hf. It is easy to see 
that the highest power of X' occuring in /' is greater than or equal to the highest power 
of X' occuring in hf. Hence we see that m{f,jj.) > m(hf,ij.) = m{f,n'). Since /i and fi' 
are conjugates over K, we see that this implies that v{f,fj.) > v(/',/i')- This proves that fi 
is an instability 1-PS of /' and hence completes the proof of Claim 2. 

Now since / and /' are translates of each other by an element in K^^p'^ and an instabil- 
ity 1-PS of /' is defined over K, we see that an instability 1-PS and hence the instability 
parabolic of / is defined over K^^p'^ . 

Corollary 12. Let p : G ^ S^{V) be the representation as in lemma [771 IfN>p, the 
instability parabolic of any non-semistable vector in S^{V) is rational. 

Proof Obvious. 

In general, for an arbitrary representation of Sl(V), the method does not seem to work. 
This is because it is in general impossible to determine all the non-semistable points in 
the representing space. Hence we have adopt a more indirect way of bounding the field 
of definition of the instability 1-PS which does not use the knowledge of all the non- 
semistable vectors. We begin with a lemma which will be a crutial step in the bounding 
of the field of definition of the instability 1-PS : 

Lemma 13. Let K be an infinite field. Let A = K[Yi , ...y„]/(/i, ...,f) be a finitely gener- 
ated K-algebra. Let g e K[Yi, ...¥„]. Let suppose deg fi = di. Let d = W di. Let suppose 
X= Spec A thought of as a closed subscheme of has a K -valued point at which g is 
non-vanishing (thought of as a regular function on X). Then there exists an extension field 
L ofK with deg [L : K] < d such that X has a L-valued point at which g is non-vanishing. 

Proof Let V{g) c X be the closed subscheme of X defined by the intersection of the 
vanishing locus of g with X. Let X' = X\V{g) be an open affine subscheme of X. Now by 
hypothesis X has a ^-valued point. By restricting to a irreducible component of Spec A 
containing the K valued point, we can assume that X is irreducible. Let dim X = m. By a 
linear change of coordinates, we can perform a Noether normalisation such there exists m 
elements ?i , in A such that A is integral over B = K[ti , t,„] and the induced map /: 
Spec A — > Spec B on afline schemes corresponding to the inclusion of 5 in A has degree 
atmost d. Let p e Bhe a K valued point of B which is not in the image of V(g). This is 
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possible to choose since / is a finite map. By going-up lemma, there exists a point q e X' 
lying over p. Let the residue field extension [K(q) : K(p)] be s. Then s < deg f < d. 
Taking L to be K{q), we get the lemma. 

Lemma 14. Let V be a vector space of dimension n defined over a field K of char p > 0. 
Let G = SLiV). Let K be an arbitrary field of char p > 0. Let p : SliV) 5/(7®™) be 
the tensor power representation of SL{n). Then for any non-semistable K-rational point 

V e y®*", the instability parabolic P{v) is defined over an extension field of [L : K\ of 
degree < mn'". Equivalently iff is such that p' > mn"', then the instability parabolic for 
unstable K-rational point is defined over 

Proof Let Xi, ...,X„ be a basis of V over K. By uniqueness of instability parabolic and 
Galois descent, we may assume that all the objects are defined over the seperable closure 
Ks of K. Hence without loss of generality we may assume K = K,. Let R = K{Xi, .., X„) 
denote the non-commutative polynomial ring in the variables Xi , . . . , X„ . Let 7?™ denote the 
vector subspace of R consisting of non-commutative monomials in Zi , Z„ of degree m. 
Let wi,...,wm denote an ordered basis of consisting of non-commutative monomials 
of degree m (words). Note that M = n"^. Then V®"^ can be identified with the identifi- 
cation compatible with the action ofSl{V). For any extension field [L : ^ we will think 
of elements g e G(L) as n x n matrices gij with coefficients in L. 

Consider the commutative polynomial ring B = K{Gij\. Any g = gij e G(L) can thus be 
thought of as a L-valued point of Spec B. Let v = 2 '^i^i be any element in R^'" . We 
define the elementary polynomials associated to v as follows: 

Denote by K[Gjj]{Xi, the noncommutative ring in the variables X,, with co- 

efficients in the commutative polynomial ring K[Gij]. Consider the set mapping 6 : 
K(Xi, ...,X„) K{Gij\{Xu ...,X„) defined as follows: 

6 sends a variable Z, in K{Xi, to X G,y • Xj and extends the action in the obvi- 
ous way to K{Xi, ...,X„). The ordered set of coefficients of the various noncommutative 
monomials in the X,'s that occur in Ov (which are polynomials in the commutative ring 
K[Gij]) will be called the elementary polynomials corresponding to v, denoted EPy (some 
of which may be the zero polynomial for a given v). More precisely, if 6{v) = 2 fyWu 
with f^, e K[Gij], then the set ordered set /i^., /2^., fiw,. will be defined to be the elemen- 
tary polynomials associated to v. Just for the sake of clarity we explain this definition (of 
elementary polynomials) by taking a simple example. 

In the two- variable case, consider the action of S 1(2, K) on V®^ as above. If {X\,XiX2, X2X1 , X^} 
denote the ordered basis for V®^, then the elementary polynomials associated to the vector 

V = X^+Xi-X2 will be computed as follows: Consider the image of v under 6: 

Xi GiiX\ + G12X2 
X2 — * G21X1 + G22X2 
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Hence the image ofv = X^+ X1X2 will be: 

(GiiXi + 012X2)^ + (GuX[ + Gi2X2){G2iXi + G22X2) 

= +G11G12X1X2 + G12G11X2X1 +G^2^l) + (GiiG2lX-^ + GiiG22XiX2 + Gi2G2lX2Xi + 

G12G22X2) 

= (G^ii +GllG2l)X-^y +(GiiGi2 + GiiG22)^1^2 + (Gi2Gii +Gi2G2l)X2Xi +(Gj2 + Gi2G22)^2- 

Thus the elementary polynomials corresponding to X^ + X1X2 are: 

/l„ = (Gjj + GiiG2l),/2,. = (G11G12 + GiiG22),/3,, = (G12G11 + Gi2G2l),/4,, = (Gj2 + 

G12G22). 

Note that for any v e V®'", the elementary polynomials all have degree m. If 
fv 6 EPy is an elementary polynomial and g = gjj e G{K) is any element, then by fv{g), 
we mean the element of K obtained by substituting Gij = gij in /,,. 

Let V G y®'" (or equivalently in R'") be a non-semistable vector for the action of S L{V). 
Let V = JjOi • Wi be the expansion of v in terms of the basis vectors. Let X{t) = Aij(t) be 
a 1-PS subgroup of G{K) which is an instability 1-PS for v. Then there exists an element 
g = (gij) e G{K) such that g ■ X{t) ■ g~^ is of the form 

••• 0' 
■■■ 

,0 ••• f", 

for some ay, such that ai> a2> ... > a„. 
Then gA{t)g~^ = A'{t) is a instability 1-PS for ^-v with y(/l, v) = v{A' , gv). Let ^.v = 2 
Clearly bi = fiXgij)- Let /j,,,. (resp. fi^.^^^, fi^J denote the set of elementary 
polynomials in £'Pv which vanish at g (resp. are nonzero at g). By lemma [131 there exists 
an extension field L of K with [L : K] < rm and an L- valued point g' e G{L) such that 

...,/;• ,, all vanish at ^' and /-^^j^ , are all non-vanishing at g' . Thus and g'v 

have the same set of monomials with non-zero coefficients. Note that since A'{t) is of the 
form 

••• 0' 
■■■ 

,0 ••• f", 

an simple observation shows that m{A' ,gv) = m(A',g'v) and hence v(A',gv) = v(A',g'v). 
Also A'{t) is an instability 1-PS for g'v. This is seen as follows: g'Ag'~^ is an instability 
1-PS of ^'v and v(i,v) = vig'Ag'~\g'v). But v(i,v) = viA',gv) = v(A',g'v). Thus 
v(g'Ag'~\ g'v) = v(A',g'v) and hence A'{t) is also an instability 1-PS for ^'v. This implies 
that g'~^A'g' is an instability 1-PS of v. But g'~^A'g' is defined over L. This shows that an 
instability 1-PS and hence the instability parabolic of v is defined over L. Since r < n'", 
we see that deg [L : k] < mn'". Since K can be assumed to be seperably closed , the 
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only algebraic extensions possible are those obtained by taking p -th roots of generators 
of K for various non-negative integers /. Since p' > mn'", it is clear that the instability 
parabolic for v is defined over K^^p' . This completes the proof of the lemma. 

Notation: For any integers n and r, with r < n, set the symbol nCr (n choose r) to be 
equal to n\/(r\(n - r)\). 

We use the above lemma to prove the following theorem: 

Theorem 15. Let G = SL{n). Let X be a smooth projective variety over an algebraically 
closed field k. Let K{X) denote its function field. Let V, m and p be as in lemma UH Let 
E be any principal G-bundle on X. Let N = max n"^Cr ■ (rm). Let t be any integer 

0<r<n"-\ 

such that p' > N. Let suppose E together together with its first t frobenius fullbacks is 
semistable. Then the induced S KV) bundle is also semistable. 

Proof Let W = V®'". Let Eskw) denote the induced Sl(W) bundle. We want to show 
that Esi{w) is also semistable. By lemma [6l this is equivalent to showing that for any 
maximal parabolic P in Sl{W) and any reduction of structure group to P, the instability 
parabolic for the point cTo in E{S l(W)/P)o corresponding to this reduction is rational. Let 
E{G)o be as before. E(G) acts on E{S 1{W)/P) which is linearized by the very ample line 
bundle E{L) explained before. Since Eo gets trivialized after a finite seperable exten- 
sion, we get isomorphisms Eo ®k(X) kiX)^ ^ G ®k(x) k(X)s and E(Sl(W)/P)a k(X)s ^ 
{SL(W)/P) k(X)s, the isomorphisms being compatible with the action. Since P is 
a maximal parabolic, Sl(W)/P is isomorphic to the grassmannian of r dimensional sub- 
spaces of W for some r < dim W. Using E{L)o ®k(X) k(X)s, we get an G(A:(X)s.)-equivariant 
embedding of £(5 liW)/P)o i^kix) k{X), inside P(A''( W^)). We need to show that for this ac- 
tion of G{k{X)s) on P(A''(iy)), the instability parabolic for the point cTo corresponding to 
this reduction is rational. By lifting this point to a point in /k^W) (call it cTo again), it boils 
down to proving the same fact for the action of G{k{X)s) on /\'\W). This representation of 
G on A''(VF) is the standard representation of G on A'^(VF), induced from the tensor power 
representation of G on V®'". 

Corresponding to the basic Xi , X„ of V, we get a standard basis of A''(W) consisting 
of vectors of the form w,-, A .. Aw,>, i,) e 1, M with ii < ... < i,-, where each is a 
noncommutative monomial in the X, 's of degree m as in lemma [H Choose an ordering of 
this basis. Let {Wi, ■ ■ ■ ,Ws] denote the ordered basis. Note that S = n'"Cr. For any non- 
semistable vector v e A''{V^'"), let v = 2 biWi be its expansion in terms of the basis vector 
Wi. Define the elementary polynomials EP^ similar to lemma [141 to be the polynomials 
in K(X)[Gij] occuring in the coefficients of the image of Wi when acted upon hy a n x n 
matrix of indeterminates Gjj. 

Note that the degree of the elementary polynomials in now mr. Now by using the same 
argument as in lemma [T4l by considering V7, 's instead of the noncommutative monomials 
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w, 's in lemma we see that the instability parabolic for the vector cTq is defined over an 
extension field [L : k{X)], where deg [L : k{X)] < n'"Crirm) < p'. Hence by lemma [T?l 
for any reduction of structure group to any maximal parabolic P in 5 1{W) the instability 1- 
PS and hence the instability parabolic corresponding to cTo is defined over k(Xy'p'. Now 
consider the action of F' {E{G))o on F'' {E(S l{W)/P))o. For this action F'\cro) has its 
instability 1-PS and hence its instability parabolic defined over k{X) via the isomorphism 
in the commutative diagram shown below: 

Spec K ^ Spec K 




Spec KP' 

Let F'\n) : F'\E{S 1{W) I P) X, denote the puUback of n under F' . Similarly let 
F'\T„) denote the puUback of the relative tangent bundle of E(Sl{W)/P) under F' which 
is the same as the relative tangent bundle of the puUback of E(S l(W)/P) under F'. Since 
F'\E) is semistable and the instability 1-PS corresponding to every reduction to every 
maximal parabolic is rational, deg F'' {cr)*F'' {T„) > 0. But deg F''(cr)*{F''(n)) = deg 
F'\Ta-) = p'-deg To-. This follows from the fact that for any line bundle L on X, F''(L) 
is isomorphic to L'''. Hence deg To- > for every reduction of Esi(w) to every maximal 
parabolic P in Sl(W) and hence by lemma[6l Egi^^) is also semistable. 

Now let p' be an arbitrary representation of Sl{V). We use the above lemma to get 
bounds for the number of semistable frobenius puUbacks required for an 5L(y)-bundle 
E, so that the induced bundle on extension of structure group via p' is again semistable. 

Let p' : Sl(V) — > Sl(W) be an arbitrary representation of Sl{V). Let = Wo c 
Wi (Z ■ ■ ■ G Wi = W he the Jordan-Holder filtration of W. Then V7//V7,_i are simple 
5/(y)-modules. Any simple 5 /(V) -module L{A) corresponding to a highest weight vector 
A = <^i<^i is an 5/(y)-submodule of V^''*!, where | /I |= 2 ^^^i is called the degree of A. 
Following Langer (see [L]), we call the maximum of the degrees of the dominant weights 
whose modules occur as the successive quotients in the Jordan-Holder filtration as the 
Jordan-Holder degree of W, denoted JH(W). 

Lemma 16. Let p' : Sl{V) — > Sl{W) be an arbitrary representation ofW. Let JH(W)= 
d. Let E be a S l{V)-bundle on X such that F''{E) is semistable for some t such that 
p' > max n'^Crird). Then the induced S l(W)-bundle is also semistable. 

0<r<n''-l 

Proof Let = Wq c Wi c ■■■ c Wi = W he the Jordan-Holder filtration of W as 
before. Then each successive quotient is a 5/(y)-submodule of the 5 /(V) -module V®', for 
some i < d. Since F''{E) is semistable, by lemma [151 each of the induced vector bundles 
obtained by extension of structure group of E using these tensor power representations 
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are also semistable and of degree zero. Since a degree zero subbundle of a semistable 
bundle of degree zero is also semistable , we see that the induced vector bundle Esuw) is 
filtered by semistable bundles of degree zero and hence Esi{w) is also semistable of degree 
zero. This completes the proof of the lemma. 

Remark 17. Let V be a vector space defined over K. Let — > VF' — > — > W" be 
a short-exact sequence of S l(V)-modules defined over K. If the instability parabolic for 
each of the unstable K-rational points in W is defined over K^'P' then so is the case for all 
the unstable K-rational points in W. However it does not seem easy to bound the field of 
definition of the instability parabolics for unstable K-rational points in W in terms of sim- 
ilar bounds for W and W". Similarly it does not seem possible to determine the field of 
definition of the instability parabolic for all the unstable K-rational points in W" knowing 
the same for W. This is because unstable K-rational points in W may not surject onto the 
unstable K-rational points in W". However if an integer t satisfies the property that any 
Sl(V)-bundle with first t-frobenius pullbacks semistable induces semistable Sl{W') and 
Sl(W") -bundles on extensions of structure group, then clearly the induced S l(W)-bundle 
is also semistable. Similarly, if integer s satisfies the property that any S l(V)-bundle with 
first s-frobenius pullbacks semistable induces a semistable Sl(W) on extension of struc- 
ture group, then clearly the induced S l(W")-bundle is also semistable. This is because 
any degree zero quotient of a semistable bundle of degree zero is also semistable of degree 
zero. Hence for computing the number of semistable frobenius pullbacks required for a 
Sl(V)-bundle to induce a semistable bundle on extension of structure group, it suffices to 
compute the same for the tensor power representation. Then using the fact that an arbi- 
trary representation W ofSL(V) can be filtered by S l(V)-modules which are submodules 
of a suitable tensor-power representation, we get bounds for the number of semistable 
frobenius pullbacks required so that the induced S l(W)-bundle is semistable. 

Remark 18. Note that one of the major differences between the methods for estimating 
the field of definition of the instability parabolic described here and the methods of [RR] 
and [CH] is that unlike their methods we do not use the orbit map E(G)o x E(G/P)o — > 
E(G/P)o and try and bound its non-seperability. We directly estimate the field of def- 
inition of the instability parabolic which is probably weaker than trying to bound the 
non-reducedness of the stabilizers of the various unstable K-rational points which does 
not seen quantifiable. Indeed it is an open problem as to whether it is possible to have a 
representation of a semisimple group G such that the stabilizers of some of the unstable K- 
rational points in the representing space are non-reduced but their instability parabolics 
are rational. We do not know the answer to this yet. 
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6 Case of an arbitrary reductive group 



In this section we get bounds for the field of definition of the instability parabolic for an 
arbitrary representation of an arbitrary reductive algebraic group. 

Let G be a reductive algebraic group defined over k. Fix an embedding i : G ^ Gl{V), 
where V is a n-dimensional vector space. Fix a maximal torus T in G. 

Theorem 19. Let [F : k] be an extension of fields. Let p . G ^ Gl{W) be a finite 
dimensional representation of G defined over F. Then there exists an integer t, such that 
for any unstable F-rational point in W, its instability parabolic is defined over F^^''' . 

Proof The proof of the lemma is similar to the proof of lemma [Ml The main difference 
now is that we also have to consider the defining equations of G in Gl(V) along with the 
elementary polynomials of the unstable F-rational points. As before we may assume that 
F is seperably closed. Let dim W = m and dim V= n. Fix a basis of V via which Gl(V) will 
be identified with Gl{n, F). Gl{n, F) will be thought of as an open subscheme of M^iF) 

9 

which will identified with . Let the affine coordinate ring of G for the embedding 
1 -.G ^ M„(F) given by the composite of G Gl(V) c M„{F) ^ Af = Spec 

open subscheme 

F[Gij]i<ij<„ be isomorphic to F[Gij, (det Gijy^]/{hi, ...,h,)i<ij<„, for some hi,...,h, e 
F[G/y, (det Gij)~^]. The valued points of Gl(V) will be thought of as n x n invertible 
matrices. The affine coordinte ring of Gl{V,F) is isomorphic to A = F[Gn, ■ ■ ■ ,Gnn, 
(det G)"^], where det(G) is the determinant polynomials in the G,/s and a matrix element 
g = gij e Gl(V, L), for any extension field [L : F], will be thought of as an L- valued point 
of Spec A in the obvious way. Choose an ordered simultaneous eigen basis {wi, ■ ■ ■ , w^} 
of W for all the 1-PS of G which lie in T. With respect to this basis, the matrix of p will 
be an m X m matrix whoses entries are regular functions on G, which are by definition the 
restrictions of the regular functions on A'^^ via the embedding i. 



7n(G,;)/(det(G,-,)r" /i2(G,y)/(det(G,y))'"^ ••• (^(G,y)/(det(G/,))'''"'^ 
/2i(G;,)/(det(G,-,))"^' (/22(G,-,)/(det(G;,))"^^ • • • (/2„(Go)/(det(G,-,))«^'' 

sfAGij)/(d^t(Gij)r"^ fAGij)/mGijr"^~ ■ ■ ■ (/;,(Go-)/(dit(G,-,-))^'-" . 

where fj and (det(Gij)) are regular functions on G which are by definition the restric- 
tions of the regular functions fjiGij) and det(G;y) resp. from M^iF) to G. By multiplying 
the numerator and denominator of each matrix entry by a suitable power of det G, we can 
assume that all the a;/s occuring in the matrix are all equal to some non-negative integer 
, say a. Let w e W he a non-semistable F-rational point of W. Let A(t) be an instability 
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1-PS of w. Then there exists an element g & G such that gA(t)g~^ = ix{t) c T . Clearly 
ix{f) is an instability 1-PS of gw. 

Now as in lemma [141 we will define the elementary polynomials associated to w to be 
certain "modified"coefficients that occur in the expansion of p(G) • w in terms of the basis 
vectors {wi, • • • Wm] ■ These will be certain polynomials in the F\Gij\\<ij<n). 

m 

More precisely, if w = Y^biWi, then 

i=\ 



.^x/ X fiiiGij)bi f2iiGij)bi f,m{Gij)bi 



,=/ (det (Gij))" ^ (det {G,j)Y (det (G,y))« 

Define the elementary polynomials of associated to w, denoted ¥P„, to be the polyno- 

m m 

mials = Yufii{Gij)bi ; • • • ; Fm,, = Y,fmi{Gij)bi]. 

i=\ 1=1 

Then clearly, 

Mgij)bi ^ f2,igij)bi ^ fmi(gij)bi 

gw = ) Wl + ) —= W2 + ■■■ } W,„. 

ti^ (det (gij)y (det {gij)y (det {gij)Y 

_ FiXgij)Wx + • • • + F,„^XSij)Wm 

(det {gij)r 

Thus we see that the vanishing or non-vanishing of a particular coefficient of gw de- 
pends on whether or not the corresponding elementary polynomial vanishes at g or not. 

Let • • • be exactly the set of elementary polynomials which are vanishing 
at g. Now as in lemma [H we would like to find a quantifiable extension [L : F] and a 
element g' e G{L) such that g'w has the same set of coefficients as gw which are zero. 
Consider the affine F-algebra B = F[G,j]/(hi, • • • , h„ Fi^^^,, • • • , i^,v„ ). Let G„, be the prod- 
uct of all the elementary polynomials which are non-vanishing at g. Note that g = {gij) 
is a F-valued point of Spec A at which G„ in non- vanishing. Hence by lemma [T3l there 

r s 

exists an extension field [L : F] with deg {L : F] < deg(n^i ■ Whj) = d (say) and an 

7=1 7=1 

L- valued point g' of Spec A at which G^ is non- vanishing. Since the polynomials /zi, .., 
vanish at g' , it follows that g' e G{L). Now gw and g'w have the same set of coefficients of 
the >V('s which are non-zero. Hence as in the proof of lemma[l4l //(f) is also an instability 
1-PS of g'w and hence g'~^n{t)g' is an instability 1-PS of w, which is clearly defined over 
L. From this it follows easily that if t is any integer such that > d, then for any unsta- 
ble F-rational point w e W ii has an instability 1-PS and hence its instability parabolic 
defined over F^^p' . 

Definition 20. Let G be a reductive algebraic group defined over K. Let W be a vector 
space defined over K. Let p : G ^ Gl{W) be a representation ofG defined over K. We say 
that the instability parabolic for subspaces is defined over L if for the induced action of 
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G on f\\W), the instability parabolic for any unstable K-rational point in /\'{W) is defined 
over L for all i with < i < m. Similarly we will say that the instability parabolic for 
subspaces is rational ifL can be choosen to be K. 

Corollary 21. Let G and p be as in the above definition. Then there exists an integer f 
such that the instability parabolic for subspaces is defined over K^^p' . Consequently, if 
E is any principal G-bundle on X such that F' ' (E) is semistable then the induced vector 
bundle Ew is also semistable. 

Proof Proof follows immediately from theorem [T9] and the proof of theorem [T5l 
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